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Abstract. In this paper we find exact formulas for the numbers of partitions 
and compositions of an element into m parts over a finite field, i.e. we find 
the number of nonzero solutions of the equation x\ + X2 i ■ * ■ ~r — z over a 
finite field when the order does not matter and when it does, respectively. We 
also give an application of our results in the study of polynomials of prescribed 
ranges over finite fields. 



1. Introduction 

Let n and m be positive integers. A composition of n is an ordered list of 
positive integers whose sum is n. A m- composition of n is an ordered list of m 
positive integers (m parts) whose sum is n. It is well known that there is a bijection 
between all m-compositions of n and (pi— l)-subsets of [n— 1] = {1,2, ... ,n— 1} and 
thus there are (^~\) m-compositions of n and 2"~ 1 compositions of n. Similarly, 
a weak composition of n is an ordered list of non-negative integers whose sum is n 
and a weak m- composition of n is an ordered list of m non-negative parts whose 
sum is n. Using substitution of variables, we can easily obtain that the number 
of weak m-compositions of n (i.e., the number of non-negative integer solutions to 
X\ + x% + • • • + x m = n) is equal to the number of m-compositions of n + m (i.e., 
the number of positive integer solutions to x% + x% + • • • + x m = n + m), which is 
= ( n+I ,r 1 )- The combinatorial interpretation of ( n ^ 1 ) = is 
the number of ways in selecting n-multisets from a set M with m elements, which 
is sometimes called n-combinations of M with repetitions. Disregarding the order 
of the summands, we have the concepts of partitions of n into m parts, partitions 
of n into at most m parts, and so on. For more details we refer the reader to [5]. 

Let W q be a finite fields of q = p r elements. The subset problem over a sub- 
set D C F q is to determine for a given z £ ¥ q , if there is a nonempty subset 
{xx, x%, . . . , x m } C D such that x\ + x-i + ■ ■ ■ + x m = z. This subset sum problem 
is known to be A^P-complete. In the study of the subset sum problem over finite 
fields, Li and Wan [3] estimated the number, N(m, b, D) = #{{x\,X2, ■ ■ ■ , x m } C 
D | x\ + X2 + ■ • • x m = z}, of m-subsets of D C ¥ q whose sum is z G ¥ q . In particu- 
lar, exact formulas are obtained in cases that D = ¥ q or F* or ¥ q \ {0, 1}. Similarly, 
we are interested in the number S(m, z, D) = ${(x\, X2, ■ ■ ■ , x m ) <EDxDx---xD\ 
x\ + X2 + • • • + x m = z], that is, the number of ordered m-tuples whose sum is z 
and each coordinate belongs to D C F g , as well as the number M(m, z, D) which 
counts the number of m- multisets of D C ¥ q whose sum is z € ¥ q . In particular, 
when D = ¥ q or F* this motivated us to introduce the following. 
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Definition 1. A partition of z G ¥ q into m parts is a multiset of m nonzero 
elements in F* whose sum is z. The m nonzero elements are the parts of the 
partition. We denote by M(m, z,¥*) or P m (z) the number of partitions of z into 
m parts over ¥ q . Similarly, we denote by M(m, z,¥ q ) or P m {z) the number of 
partitions of z into at most m parts over ¥ q and by P(z) the total number of 
partitions of z over finite field ¥ q . 

We remark that N(m, z,¥*) is the number of partitions of an element z over 
finite field ¥ q such that all summands are distinct, and M(m, z,¥*) is the number 
of partitions of an element z into m parts over finite field ¥ q , dropping the restriction 
that all summands are distinct. 

We also remark that in the study of polynomials of prescribed ranges over finite 
fields [3] there has arisen a need as well for counting the number M(m, 0,¥ q ) of 
partitions of with at most m parts over finite field ¥ q , which in turn leads us to 
answer a recent conjecture by Gacs et al on polynomials of prescribed ranges over 
finite fields [2]- 

In this article we first obtain an exact formula for the number of partitions of an 
element z G¥ q into m parts over ¥ q . 

Theorem 1. Let m be a non-negative integer, ¥ q be a finite field of q = p r elements 
with prime p, and z G ¥ q . The number of partitions of z into m parts over ¥ q is 
given by 

~ , . 1 (q + m - 2\ 

p m (z) = -r )+D m {z), 

q\ m J 



where 



D m {z) 



0, if m ^ (mod p) and m ^ 1 (mod p); 

1-1 tq/y-l+. 

q/p-l 



f ( q/p ~ ? 1+3 ) , ifm = jp, j > 0, and z = 0; 

( f +j ) > l f m = ^ + X > 3 > 0, and z = 0; 

ifm = jp,j > 0, and z € F*; 



\ { q/p - 1+] ) , ifm = jp + 1, j > 0, and z e ¥*. 

Similarly, we have the following definition of compositions over finite fields. 

Definition 2. A composition of z G ¥ q with m parts is a solution (x±, xi, . . . , x m ) 
to the equation 

(1) z = x\ + x 2 H h x rn , 

with each X\ £ F*. Similarly, a weak composition of z £ ¥ q with m parts is a 
solution (xi, X2, • ■ • , x m ) to Equation (Qp with each Xi (z¥ q . We denote the number 
of compositions of z having m parts by S(m, z,¥*) or S m (z). The number of weak 
compositions of z with m parts is denoted by S(m, z,¥ q ) . The total number of 
compositions of z over¥ q is denoted by S(z). 

The number of solutions to Equation ([1} (or in more general way as diagonal 
equations) have been extensively studied. However, it is less studied the number 
of solutions (compositions) such that none of variables are zero. A formula for the 
number of compositions over F p is given in 1 . However, we are not aware of a 
general formula for arbitrary q so we also include such a formula here for the sake 
of completeness. 
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Theorem 2. Let m > 2, ¥ q be a finite field of q = p r elements with prime p, and 
z £ Fq . The number of compositions of z with to parts over ¥ q is given by 



It follows that 



S m (z) = (g - l) m - 2 (q - 2) + S m . 2 (z). 



(g-l) m -(-l) m ., , n 
b m [z) = , if z f. 0. 

Using the fact that additive group (F 9 ,+) is isomorphic to the additive group 
(Zp, +), we obtain that the numbers of partitions and compositions of elements over 
Zp are the same as the numbers of partitions and compositions of corresponding 
elements over ¥ q . 

Finally, we demonstrate an application of Thcorcm[T]in the study of polynomials 
of prescribed range. First let us recall that the range of the polynomial f(x) £ ¥ q [x] 
is a multiset M of size q such that M = {f(x) : x £ F g } as a multiset (that is, 
not only values, but also multiplicities need to be the same). Here and also in the 
following sections we abuse the set notation for multisets as well. A nice reveal 
of connections among a combinatorial number theoretical result, polynomials of 
prescribed ranges and hyperplanes in vector spaces over finite fields can be found 
in [2], which we refer it to the readers for more details. In this paper, we obtain 
the following result as an application of Theorem [1] 

Theorem 3. Let ¥ q be a finite field of q — p r elements. For every I with | < 
I < q — 3 there exists a mutiset M with ^2 beM b = and the highest multiplicity 
I achieved at G M such that every polynomial over the finite field ¥ q with the 
prescribed range M has degree greater than £. 

We note that Theorem [3] generalizes Theorem 1 in [J which disproves Conjecture 
5.1 in [2 . In the following sections, we give the proofs of Theorems 1-3 respectively. 

2. Proof of Theorem [T] 

In this section we prove Theorem [TJ First of all we prove a few technical lemmas. 

Lemma 1. Let a £ F* and m be a positive integer. Then P m (a) — P m (l). 

Proof. Let x\ + X2 + ■ • ■ + x m = 1. The following mapping between two multisets 
defined by 

{xi,x 2 ,...,x m } h4 {ax 1 ,ax 2 ,...,ax m } 
for some a £ F* is one-to-one and onto, which results in ax% + ax 2 + . . . + ax rn = a. 
Thus P m {a) = P m (l). □ 

It is obvious to see that P\{z) = 1 if z £ F* and Pi(0) — 0. However, we can 
show that P m (0) = P m (z) if m ^ (mod p) and m ^ 1 (mod p) as follows. 

Lemma 2. Let m be any positive integer satisfying to ^ (mod p) and to ^ 
1 (mod p). ThenP m (0) = P m (l). 
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Proof. Let x\ + X2 + • ■ • + x m = be a partition of into to parts. Then {x\ + 
1) + (x2 + 1) + • • • + (x m + 1) = to is a partition of to G F* with at most to parts 
(if ■ = p — 1 then ^ + 1 = 0), but since Xj ^ there is no Xj + 1 = 1. Moreover, 
there is a bijective correspondence of multisets {xi, . . . , x m } n- {xi + l, . . . , a; m + l}. 
Therefore, in order to find the number P m (0) of partitions of into to parts over 
Fg, we need to find the number of partitions of to with at most m parts but no 
element is equal to 1. This means these partitions of to can have parts equal to the 
zero. 

Let x\ +X2 + ■ ■ ■ + x m — rn. We assume that the parts equal to 1 (if any) appear 
in the beginning of the list: Xi,x%, . . . , x m . If x\ — 1 then x\ + X2 + • • • + x m = to 
implies x% + • • • + x m = m — 1. Conversely, each partition of to into m — 1 parts can 
generate a partition of m into m parts with the first part equal to 1. So the number 
of partitions of m into to parts with at least one part equal to 1 is equal to the 
number of partitions of to — 1 into to — 1 parts. Let Uq be the family of partitions 
of to into to parts without zero elements and no part is equal to 1. Therefore 
\U \ = P m (m) -P ro _i(ro-1). 

Let U\ be the family of partitions of to with to parts with exactly one element 
equal to and no element equal to 1. Let X\ + X2 + • • • + x m = to be a partition 
in U\ and x\ — and Xj ^ 0, 1 for j — 2, . . . , to. Obviously, it is equivalent to a 
partition X2 + ■ ■ ■ + x m — to of to into m—1 parts with all parts not equal to 1 . 
Similarly as in the case for Uq we have \Ui \ = P m _i(m) — P m _2(m — 1). 

More generally, let Ui be the family of partitions with to parts with i parts equal 
to the zero, say x\ = x% = . . . = X4 = 0, and Xj 7^ 0, 1 for j = i + 1, . . . , m. 
Then we have a partition of to into to — i parts, !Ej+i + • ■ ■ + x m — to, such that 
no part is equal to 1. Similarly, we have \Ui\ — P TO _j(m) — P TO _j_i(m — 1). In 
particular, for i = m — 1 there is only one solution of the equation x m = to and 
thus |f/ ro _i| =Pi(m) = 1. 

We note that these families of t/j's are pairwise disjoint and their union is the 
family of partitions of to into to parts with no part equal to 1. Therefore we have 
Pm(0) = |E7b| + |f/i| + ••• + \U m -x\ = (P ro (m) - P to _i(to - 1)) + (P w _i(m) - 
P m _ 2 (m - 1)) + • • • + (P 2 (to) - A(m - 1)) + Pi (to). 

If to ^ (mod p) and m ^ 1 (mod p), then m — 1 and to are both nonzero 
elements in ¥ q . By Lemma[lJ we can cancel Pj(m— 1) = Pi (to) for i = 1, . . . , m — 1. 
Hence P m (0) = P m (m) = P m (1) . □ 

Using the above two lemmas, we obtain the exact counts of P m (z) when to ^ 
(mod p) and to ^ 1 (mod p). 

Lemma 3. J/zeF, and to is anj/ positive integer satisfying to ^ (mod p) and 
to ^ 1 (mod p) £/ien we have 

P m ( Z )= l -( q + m -\ 
q\ to J 

Proof. We note that there are ((9~ 1 )+ m ~ 1 ) mu ltisets of m nonzero elements from 
Fg in total and the sum of elements in each multiset can be any element in ¥ q . 
Using Lemmas [1] and [2] we have 

E^)=^( 1 ) = ( (9_1) ^ m " 1 ) 

sGF, V m / 
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and therefore 

q \ to 

for every z £ ¥ q . □ 

In order to consider other cases, we use an interesting result by Li and Wan [3J, 
which gives the number N(k,b,¥*) of sets with (all distinct) k nonzero elements 
that sums to b £ W q . Namely, 

(2) ^^-iC; 1 )^-!,^^ («*-' 

where v(b) = —1 if b ^ and v{b) = q — 1 if 6 = (see Theorem 1.2 in (3J). 
First we can prove 

Lemma 4. Lei N(k, b,¥*) be the number of sets with k nonzero elements that . 
to b eF, and m > 1 6e a positive integer. Then 

P m (0) = (( 9 -l)iV(l,l,F;)P m _ 1 (l) + 7V(l,0,F;)P m -i(0)) 

'(g - 1)AT(2, l,F*)P m _ 2 (l) + iV(2,0,F;)P m _ 2 (0) 

+(-l) m - 1 ((g - l)N(m - 2, 1, F*)P 2 (1) + N{m - 2, 0, F*)P 2 (0)) 
+ (-l) m (g - l)N{m - 1, 1,F*) + (-l) m+1 JV(m, 0,FJ). 

Proof. Denote by IA the family of all multisets of m nonzero elements that sums 
to the zero, i.e. P m (0) = \U\. Let B a be the family of all multisets of m nonzero 
elements such that a is a member of each multiset and the sum of elements of each 
multiset equal to 0. Namely, B a £ B a implies J^seB s — an d a <E B a . Obviously, 

" U, 

Now we will use the principle of inclusion-exclusion to find the cardinality of U. 
For distinct a\,...,ak ^^* q and k > m, it is easy to see that 

B ai n B a2 n . . . n B ak = 0, 

because each multiset B ai contains only m nonzero elements. Moreover, if k = m 
then the number of multisets in the union of intersections is N(m, 0,F*). 
If B £ B ai n B a2 n . . . n B ak and k < m - 1 then 

B = {ai, a 2 , . . . , a k ,x k+ i, . . . , x m }. 

Because x k +i + - ■ -+x m = — (<xi+- • -+ak), the number of elements in the intersection 
B ai H B a . 2 PI . . . fl B ak is the same as the number of partitions of — (ai + • • • + a&) 
into m — fc parts, i.e. 

|/3 ai n/3 Q2 n ... r\B ak \ = P m _ fc (-ai a fe ). 

We note that none of a,'s (i = 1, . . . , k) is equal to zero and N(k, b, ¥*) = N(k, 1,F*) 
for any b £ ¥*. In particular, if A: < m — 1, then the sum ai + • — H a m -i can be any 
element in ¥ q and thus there are (q - l)N(k, l,F*)P m _ fc (l) + N(k, 0,F*)P TO _ / -(Q) 
such multisets P G B ai r\B a2 . .n/3 Qfc for all choices of nonzero distinct oi, ... ,afc. 

If fc = 777 — 1 then the sum oi + • • • + a m _i can not be equal to the zero, there 
are in total (g — l)N(m — 1, 1,F*) such multisets contained in the intersection of 
777 — 1 families of *6 ai 's. 
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Finally we combine the above cases and use the principle of inclusion-exclusion 
to complete the proof. □ 

In the sequel we also need the following result. 
Lemma 5. For all positive integers s, we have 



3 J\ s - 3 



Proof. Multiplying (1 + x) q 1 = Efc=o ( 9 j 1 )^ an< ^ ser i es 
We obtain 

1 - " + ^ ■ ir^F- -(£(*; V) (£ C " T ") v ) 

fc=0 v J 7 fc=0 v 



s =o j=o \ J / \ J 

Therefore for s > 1 we have E^oC -1 ) 8 ^ (V) C"--^ - ' 7 ') = °' This im P lies 
- x (q- l\ fq-2 + s-j\ _ , + 

j'=i 



Finally multiplying both sides of the last equality by (— l) s we complete the proof. 

□ 

Next we prove Theorem [1] In order to do so, we let 

(3) P m (z) = -( q ' 2 + m )+D m (z). 

q \ m J 

We assume q > 2. Obviously, by Lemma [3 we have D m (z) = for any z €¥ q 
if m ^ (mod p) and m ^ 1 (mod p). Further D m (z) = D m (l) by Lemma[T]for 
all z ^ 0. Because P m (0) + (g- l)P m (l) = C^™), we have 

(4) £> m (0) + (5-l)£> m (l) = 0, i.e., D m (l) = -—L.£) m (Q). 

Next we use convention that Po(0) — 1 and Pq(1) = so that Dq(0) = and 
D (l) = -|. Similarly, P x (0) = and = 1 and thus D x (0) = and 

-Di(l) = -. For the rest of this section, we only need to compute D m (0) when 
m = jp or m — jp + 1 for some positive integer j because of Equation ([?]). To do 
this, we apply Lemmas @] and [5J along with Equations ^ Q, and the following 
equation 

(5) (g-l)JV(m,l,F*)+iV(m,0 I F*) = 
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Let us consider to = up first. In this case, by Lemma 0] and Equation ([3]), we 



have: 



p ro (o) = £(-i) s+1 [-( 9 2 + w a )((?-i)Jvr( a ,i,F;) + JV( fl ,o,i;)) 

^-J \ to — s J H H 

+ (q - l)N(s, lX q )D m -.(l) + N(s,0,K) D ms(0)] 

+(-l) m (q - l)N(m - 1, 1, F*) + (-l) m+1 N(m, 0,F*). 
Using Equations §5§ and ([2]), we obtain 

+ E M) S+1 - 9 ((« - l)^-(l) + An- S (0)) 

s=i ? \ s / 

+ E(-l) s+1 (9-l)(-l) s+Ls/pJ i(^f /pJ 1 ) (-U m _(l)+I3 m -.(0)) 

H-ir\ q -i)U q -\) + (-ir^ 1 -( q - 1 ) 

q \m — I J q \ m J 

+(-in 9 - i)(-i)"-i+l(-d/pj zi C «/* - 1 ) 

q \[{m-l)/p\J 
+ (-l) m+1 (_l) m +L m /pJ q — 1 1 ^ ~~ 1 ] 

'/ v L m /pJ / 

After rearranging terms, we use Lemma [SJ Lemma [31 Equations © and to 
simplify the above as follows: 



= iy , (_i)«+if ?_1 V 9 ~ 2+m " s ' 

o I s I \ TO - s 



,(0) 



1<S 

; = , 1 ( mod p) 



+(_l)«-i«zl[fff/P- 1> ) + f9/f- 1 
q \ u — 1 J \ u 



l/q-2 + up 
q\ up 



-.(0), 



= , 1 ( mod p) 



where we use Lemma [5] and — Dq(0) = -Di(O) = — to obtain the last equality. 

Now let us rewrite this as 

(6) 

^<°)-K , "l + 1 + g<- i),+< "-'<t:;)^(°» + |V') ( --^;*;- 1 1 )^'(»)' 
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Similarly, for m = up + 1, we have 
-P«p+i(0) 

s = 0,l( mod p) 



I fq-2+(up+l)\ t \i f ^ l+u _ t (q/p-l 
up + 1 



' , (A P (0) + A P+ i(0))- A, P (0). 
t=i ^ ' 

Next we show -D Mp +i(0) = — D„ p (0) for all u > by the mathematical induc- 
tion. The base case u — holds because -Di(O) = -Do(O) = — Assume now 
— -D sp (0) = Z3 sp +i(0) for all < s < it and plug into the above formula we obtain 

1/q-2 + ub+1\ 
g V up+l J 

Because P up+1 (0) = ± +-D up +i (0) , we conclude that D up+1 (0) = -D up (0). 

Hence it is true for all u > 0. Using this relation we simplify Equation ([5]) to 

- K , "l + 1 + g ( - i) ""' +1 ((t-V) + Ct- 1 1 )) D «<°) 



and by using P up (0) = ±( 9 ~'+ up ) + D up (0) we obtain 

(8) D up (0) = (* ! *\ A P (0). 



t=o 

Let /(x) = X]^=o ^jpi^)^ be the generating function of the sequence {Z? up (0) 
u = 0,1,2,.. .}. Then 

' ilv 



(i - ,)^/(.) = ( J2 ( q/ , p ) (-i)^' ] ( E ^p(°) a 



x I , 

J=o x ' / \j=o 



= D o (0) + fj ^ ( J^ t ) (- 1 )" t ^(°)) + ^ 

1 

= D o (0) + EC-^pW + A f p(0))a: u = A>(0) = — • 



Now (1 - x)i/Pf(x) = 2=± implies 



Q 

q (1 - x)i/p q ^ 



t=0 



x 



Hence D jp (0) = ^-{ q/p ^ 1+] ) for j = 0, 1,2 . . .. Moreover, we use Equation © 
and Dj p+ i(0) = —Dj p (0) to conclude 
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ZWOH-i-i^-/^'): W ) = I(V*- 1+i ). 

Finally, together with Lemma [3] we complete the proof of Theorem [TJ 

Finally we note that it is straightforward to derive the following corollary. 

Corollary 1. Letm be a non-negative integer, ¥ q be a finite field ofq = p r elements 
with prime p, and zeF,. The number of partitions of z into at most m parts over 
¥ q is given by 

P m (z) = V P k ( z ) = - ( q ~ 1 + m ) + D m (z), 

where 

f) ( z \ _ / D ">(4 i/m = 0(mod p); 
m 1 0, otherwise. 

3. Proof of Theorem [2] 

In this section we prove Theorem [21 Obviously the result holds trivially for 
m = 1 because Si(0) = and Si(z) = 1 for any z G F*. Moreover, when m = 2, 
it is easy to see that S 2 (0) = q — 1 and ^(z) = 9 — 2 where z G F*. Indeed, 
a + (p — l)a = for any a G F*, but a + 2; = z where z 7^ has a nonzero solution 
for each a G F* - {z}. 

Assume now m > 3 and z = xi + X2 + • • • + x m for a fixed z G F 9 . We consider 
X\ + • • • + -t to _2 in the following two cases: 

(i) X\ + • • • + a; m -2 = 2- In this case, there are (g — l)5' m _2(z) solutions to 
z = £1 + £2 + • • • + Xm with all XiS not equal to because we can always find 
x m = — x m _i such that x m _i + x rn = for any choice of x m _i G F*. 

(ii) xi + ■ ■ ■ + x m -2 7^ z. As we can choose xi,..., £ m -2 m il ~ l) m ~ 2 ways 
there are (q — i) m - 2 _ g TO _ 2 (z) such ordered tuples. But x, n -i G F* can not 
be equal to z — (x\ + x 2 + ■ ■ • + im-2) 7^ because this would imply x m = 0. 
Therefore we have only q — 2 choices for x rn -i and x m is uniquely determined by 
.T m = z — (xi + ■ ■ ■ + x m -i). Therefore there are ((g — l) m ~ 2 — S m - 2 (z)) (q — 2) 
solutions to z = x\ + X2 + ■ • ■ + £ m with all x^s not equal to in this case. 

Now summing up these numbers we obtain 

S m (z) = (q-l)S m - 2 (z)+((q - l)" 1 " 2 - S m . 2 (z)) (q-2) = (q-l) m - 2 (q-2)+S m ^ 2 (z). 
Therefore, when m = 2k, we have 

s m (o) = ( q -iy n - 2 (q-2) + s m - 2 (o) 

= (q - l) m - 2 (q -2) + (q- 1)™-% - 2) + S m _ 4 (0) 

= (q 
= (q 

= (q 
(q 



2)[(q-l) m - 2 
oN ( g -!)">-! 

} (q-l) 2 -l 

( g -ir-i 

j (9-1)2-1 

■l) m -l + g 



+ ( (Z -l) — 4 + ... + (g- 1)1+52(0) 
(g-2) + («-l) 
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Similarly for z ^ and m = 2k, we have 

(g - 1)"' - 1 

*m(z) = ■ 

Moreover, if m = 2k + 1 then we have 

S m (0) = (q-l) m - 2 (q-2) + S m ^(z) 

= (q - l) m - 2 (q -2) + (q- l) m -\q - 2) + S m ^(z) 

= (q-2) [(q - I)'— 2 + (q- 4 + • • • + (q - 1)] + S x (0) 
(g - I)™" 1 - 1 (g - l) m - (g - 1) 



(9-2)(«-l) 



(g- 1)2-1 q 



and similarly 



S m (z) = (q 2)(g - + 1 = W— 1 

for z£F*. This completes the proof of Theorem [2] 
Corollary 2. XTie number of weak m-composition o/z6F, is 



y ( "' u - j 

\m — k , 
fc=o v 



Sk(z) = g" 



Proof. For each composition with m — k nonzero elements, there are ( ™ , J subsets 
of variables Xj that takes value zero and for the rest of variables we can have a 
composition of z with k parts. Thus there are (J^u) Sk(z) solutions of the diagonal 
equation with m — k variables equals to the zero. Summing up these numbers we 
complete the proof. □ 

Corollary 3. The number of solutions, none of Xi is zero for i = 1, . . . , n, to the 
diagonal equation 

Xi ~t~ ' ' * — Z 

where z G¥ q and u\, U2, ■ ■ ■ , u n are relatively prime to the q — 1 is given by S n (z). 
If Xi is allowed to be zero, then the number of solutions is q m ~ 1 . 

If all but one exponent, say for example u n> out of Ui, . . . ,u n are relatively 
prime to q — 1 and d = gcd(g — l,u n ) > 1, then the number of the solutions of 
the corresponding diagonal equation, where all Xi ^ 0, i = 1, . . . , n, is dS n ~i(0) + 
(q — 1 — d)S n -i(l) if there exists u £ F* such that s — u d and the number is 
(q — l)5 n _i(l) otherwise. 

Proof. Assume first that all of ui, U2, . ■ . , u n are relatively prime to the g — 1. 
Because each mapping x x Ui is a bijection and thus the number of solutions of 
the diagonal equation above is equal to the number of the compositions of z into n 
parts. 

If gcd(it„, q — 1) = d and gcd(wi, q — 1) = 1 for i = 1, . . . , n — 1, then we have a 
diagonal equation of the form 



If z 7^ w d for all w e F* then for all x n G F* z — x^ n ^ and thus the number of 
solutions to the above equation is S n —i(z — x„ n ) = (g— l)S'n-i(l); otherwise, 
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for d values of x n we have z — x^™ = 0. Hence the number of solutions in this case 
is J2 Sn-i{z-x^)=dS n . 1 (0) + (q-l-d)S n - 1 (l). □ 

s„£F* 

4. Proof of Theorem [3] 

Let I = q — to. The assumption | < I < q — 3 implies that 4 < m < |. As in 
[I], we denote by T the family of all subsets of ¥ q of cardinality to, i.e., 

T = {T \T CF g ,|T| =m}. 

Denote by the family of all multisets M of order q containing with the highest 
multiplicity t = q — m and the sum of elements in M is equal to 0, i.e., 

M = {M | G M, multiplicity (0) = q - to, V b = 0}. 

We note that the polynomial with the least degree q — m such that it sends q — m 
values to can be represented by 

(9) /(A,T)(*)=A 11 (x-s), 

se¥ q \T 

which uniquely determines a mapping 

(10) J-:¥*xT^M, 
defined by 

(A,T)^range(/ A , T ( a; )). 
In Lemma 2 [5] we found an upper bound for the number |range(J r )| of the 
images of the polynomial with the least degree q — m such that it sends q — m 
values to 0, when m < p. Using this upper bound, we proved that, for every to 
with 3 < to < min{p — 1,5/2}, there exists a multiset M with YlbeM ^ = ^ an< ^ 
the highest multiplicity q — m achieved at S M such that every polynomial over 
¥ q with the prescribed range M has degree greater than q — m (Theorem 1, [4]). 
This result disproved Conjecture 5.1 in [2]. In this section, we drop the restriction 
of to < p and then use the formula obtained in Theorem [1] to prove Theorem O 
which generalizes Theorem 1 in ,4j. First of all, we prove the following result. 

Lemma 6. Let q be a prime power, to < | be a positive integer and d — gcd(g — 
1 , m — 1). Let T : ¥* x 7~ — > A4 be defined as in Equation I110\) . Then 

i^i, ^-^- 2 ' m ;-'-- +1 > + E, W ff) + ^(^). 

where 6=1 if p \ to and zero otherwise. 

Proof. As in Lemma 2 of [2J we consider the group Q of all non-constant linear 
polynomials in ¥ q [x] acting on the set F* x T with action $ : (cx + b, (A, T)) M> 
(c m_1 A, cT + b). All the elements of the same orbit in F* x T are all mapped to 
the same range M £ M. Thus we need to find the number TV of orbits under this 
group action. Using the Burnside's Lemma, we need to find the number of fixed 
points |(F* x T) g \ in F* x 7" under the action of g(x) = cx + b. As in Lemma 2 [2J, 
for g{x) = x there are (q — 1)( 9 ) elements fixed by g(x). Moreover, if g(x) = cx + b, 
c / 1 then elements are fixed by g{x) only if i = ord(c) | d = gcd(q — 1, to — 1) and 



12 



MURATOVIC-RIBIC AND WANG 



/ — \ 

in this case we have |(F* x T) g \ = (q — 1)( m -i )■ Under the assumption m < p in 

Lemma 2 [2], we don't need to consider g(x) — x + b, b ^ 0, because it has p-cycles 
of the form (x, x + b, . . . , x + (p — 1)6) and has no fixed elements. However, for 
arbitrary m, we must consider this case. In fact, if g(x) = x + b fixes some subset 
T of ¥ q with m elements then we must have p \ m and T consists of p-cycles. In 
particular, there are (JQ of such subsets T fixed by g(x) = x + b for each b 6 F*. 

Varying A and b, we therefore obtain |(F* x T) g \ = S(q - 1) 2 (^J- Now using 



Burnside's Lemma we obtain 

1 E 

sea 



N = ^lk f ; x ^i 



q(q - i) ^ V TO 

q\mj ^— ' V m ~ 1 / <7 \m/p 

i>0.i\d 1 ' 



0+ v ^r^u^r** 



□ 



<«) ,g ' ' 2) .;„ • " - + " + e «>ffl + ^ CD < *■«■>■ 



In order to prove Theorem [3] it is clear that we only need to show 

fq/l 
\m/p 

»>i 

By Theorem [TJ it is enough to show 
(12) 

(g-l)(g-2)...(g-m + l) .rWVV?" 1 ^" 1 ^ ^lfg + m 



< 

q \ m 



for m = jp + 1 and 

(13) (g-l)(g-2)...(g-m+l) | y^,.^ 2 ^ ^ l^g + m-2 



i>l 



q \ m 



for all other cases, because 3=± ( *lv ) = 3=1 («M < £zi (s/p-i+j) when m = j p and 

7 q \m/p/ q \ j / — Q ^ J ' 

.? > l. 

For the cases m — 4 and m = 5, because q > 2m, we can check directly that 
Inequality (TT3l) holds and thus Inequality (TTT]) holds. 

We now show Inequalities (TT2")) and (TT51) hold for m > 5 by using a combinatorial 
argument. Let G =< a > be a cyclic group of order q— 1 with generator a. Let M' 
be the set of all multisets with m elements chosen from G. Then \M'\ = ( q ~^ m )- 
To estimate the left hand side of Inequalities (TT2"|) and (fT5|l we count now the number 
of multisets in some subsets of M! defined as follows. These subsets of multisets 
of m elements are defined from subsets of fc-subsets of G when k < m. First of 
all, let Aio be the set of all subsets of G with m elements. So A4q C M! and 
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Let A be the set of all subsets of G with m — 1 elements. For each A = 
{a Ul , a" 2 , . . . , a" 7 "- 1 } 6 A where < u\ < U2 < . . . < u m -\ < q — 1 we can find a 
multiset M — {a Ul , a Ul , a* 2 , a* 3 , . . . , a" 1 ™- 1 } corresponding to A in the unique way. 
We can use notation sW to denote an element s in a multiset M with multiplicity 
i. Hence the above multiset M can also be denoted by 

The set of all these multisets M, denoted by Mi, has „4| = ('"-J elements. 
Moreover MoHMx = 0. Now let M i =MiUMi- Then |M i| = ( 9 m) + (m-i) = 

For each i satisfying m — 1 > i > 2 and i | d, we let Si =< a 4 > be a cyclic 
subgroup of G with ^— elements. From each set d of all subsets of Si with ^jA 
elements, we can define two disjoint subclasses of M containing multisets with m 
elements in G corresponding to C,. 

First, let B = {a Ull ,a U21 , ...,a EL r lt } be a subset of Si where < u\ < u 2 < 
. . . < ^— . For each fixed t such that < t < i and gcd(z, t) — 1, we can construct 
a multiset corresponding to B as follows: 

M = {(a*a Uli )«, (a*o U2i ) (i) , • • • , {a 1 a ^ a m } 

where a m is arbitrarily element in G. For each fixed t this class of multisets formed 
from C, is denote by M\. Then \M\\ = (q - l)(^f 1 ). 

Secondly for B — {a Ul \ a™ 2 ', . . . , a } € d and each fixed t, we can construct 
another multiset 

M = {(a t+1 a Uli )«, (a'a^)^, . . . , (a'a"^)« , 1}, 

corresponding to B. The set of these multisets is denoted by M.\. Then \M\\ = 




Note that i < ^A implies M \ f) M\ = 0. Hence we have 




gcd(i,t) = l 

Finally, if m— 1 { (?— 1 then we let .A4 m = 0. Otherwise, if (m— 1) | g— 1 then we let 
contains all the multisets of the form M = {(a t+ ^ m ~ 1 ^) ( ' m ~ 1 \a m }, for j = 
0, 1, . . . , ^Erf — 1) any positive integer t < m— 1 with gcd(m— 1, t) = 1, and any a m G 
G. Let contain all the multisets of the form {( a *+j(m-i))(™-2) ; ( a m-i)(2)}_ 
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It is obvious that a" 1 " 1 ^ a t+j(m -^ . By comparing the multiplicities of two mul- 
tisets we see that M t m _ 1 C\ M t m _ 1 — 0. Moreover, 



\M, 



u 



l<t<rn-l 
gcd(m-l,t) = l 



(m-1) ((?-!)( TO " X 



g-i 

m— 1 

i 



q<t>(m — 1) 



g-l 

m — 1 
m — 1 
m— 1 



Finally, if m ^ jp + 1 for some j > 1 we let M. m = 0. Otherwise, if m = jp + 1 
for some j > 1 we let C = {si, S2> • ■ • , s q/p} be a subset of G with g/p < q — 1 
elements. For each subset of j elements from C we find a corresponding multiset 
M in M m from Ai in the following way 



M = {s\ 



(p) » 



s (p) a 1 



where a m is arbitrary chosen to be an element from G. Thus there are (q — 
1)( multisets in .M m . Obviously, At m is disjoint Aii where i | gcd(m — 

l,q — 1) because the multiplicity of at least one of its element is p \ q — 1. In- 
deed, it could possibly have common elements only with A4 m -i but in this case 
m - 1 = jp f q - 1 so M m -i = 0. Now \M m \ =(<?-!) ( g/p 7' _1 ) ■ 

Define <5' = if to =/= jp + 1 for some j and 5' = 1 if to = jp + 1 . Then we obtain 

/ 



\M 



LHS\ ■ = 




J 1 1 )+5>( q -v( q/p+{m - 1)/p - 1 



We note that the multiset {1, 1, 1, a, a 2 



-,m — 3 



y (m — l)/p 



} is not included in the Mlhs 



and thus \M.lhs\ < Dividing both sides by q, we have 

(14) 

1 fl\ y-^/¥\ , S'{q-l) fq/p+(m-l)/p-l\ ^lfq + m-2 

(m — l)/p 



q \m 



i>l 



< - 

9 



Hence both Inequalities (| 12[) and (fT3|) are satisfied. This completes the proof of 
Theorem [3l 
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